It is shown that the graph obtained by merging two vertices of two 4-cycles is not a Θ-graceful partial cube, thus answering in the negative a question by Brešar and Klavžar from [1] , who asked whether every partial cube is Θ-graceful.
Θ-classes. The number of Θ-classes of a partial cube G is equal to the isometric dimension of G. An isometric cover G 1 , G 2 of a connected graph G consists of two isometric subgraphs G 1 and G 2 of G such that G = G 1 ∪ G 2 and G 1 ∩ G 2 = ∅. Let G 1 and G 2 be isomorphic copies of G 1 and G 2 , respectively. For any vertex u ∈ G i , i ∈ {1, 2}, let u i be the corresponding vertex in G i . Then the expansion of G with respect to G 1 , G 2 is the graph G obtained from the disjoint union of G 1 and G 2 , where for any u ∈ G 1 ∩ G 2 the vertices u 1 and u 2 are joined by an edge. Chepoi [2] proved that a graph is a partial cube if and only if it can be obtained from K 1 by a sequence of expansions. Chepoi followed the approach of Mulder [7, 8] who previously proved an analogous result for median graphs.
Brešar and Klavžar [1] introduced a new kind of labeling of partial cubes, called Θgraceful labeling. For a partial cube G, on n vertices, a bijection f : V (G) → {0, 1, . . . , n − 1}, is called Θ-graceful labeling of G if all edges in each Θ-class of G receive the same label, and distinct Θ-classes get distinct labels, where the labeling of the edges is defined by |f (x) − f (y)| for every edge xy. When such a labeling exists G is called a Θ-graceful partial cube. Trees are partial cubes, with every Θ-class of a tree consisting of a single edge. Therefore Θ-graceful labelings coincide with graceful labelings on trees. It has been shown that hypercubes, even cycles, Fibonacci cubes and Lexicographic subcubes are Θ-graceful. In [1] a question has been proposed on whether every partial cube is Θ-graceful. Note that a positive answer to the question would provide a positive solution of the Ringel-Kotzig conjecture.
A Θ-graceful labeling f is called a consistent Θ-graceful labeling if for every two edges xy and uv of G with xyΘuv the following holds:
Lemma. Let G be a partial cube with a Θ-graceful labeling f . For every isometric 4-cycle C of G, equation (1) holds for C labeled with f .
Proof. Let {v 1 , . . . , v 4 } denote the vertices of an isometric 4-cycle of G, f a Θ-graceful labeling of G, and
A consistent Θ-graceful labeling of C must satisfy the following conditions: Let G = (V, A) be an oriented graph with the set of vertices V and the set of arcs A. An arc (x, y) ∈ A is considered to be directed from x to y, and y is called the head and x is called the tail of the arc. The indegree deg + (v) of a vertex v ∈ G is the number of arcs with head v, and the outdegree deg − (v) of v ∈ G is the number of arcs with tail v. A Θgraceful labeling of a partial cube G defines an orientation on G: each arc is directed from larger vertex to lower vertex label. Hence for a partial cube G with Θ-graceful labeling, the maximum label must be assigned to a vertex with deg + (v) = 0, while the minimum label must be assigned to a vertex with deg − (v) = 0. Let G 8 denote the graph obtained by merging two vertices of two 4-cycles, see Figure 1 . Note that there are four different Θ-classes: there is no vertex of outdegree 0, hence no vertex can be labeled with 0, a contradiction.
Alternatively, one can check the claim from the previous theorem by computer with a short Python code (cf Fig 3) . Let S(G) denote the graph obtained from a graph G by subdividing once each of its edges. In [5] it has been shown that S(K n ) is a partial cube, where K n denotes the complete graph on n vertices (see Fig. 4 ). Let Q − 3 denote graph obtained by deleting a vertex in 3-dimensional hypercube. Let C(Q − 3 ) denote graph obtained by expanding the four vertices inducing a claw in Q − 3 (see Fig. 4 ). With the help of a computer we have checked that G 8 , S(K 4 ) and C(Q − 3 ) are the only partial cubes of isometric dimension 4 that are not Θ-graceful. As it is easy to check (by hand) that all partial cubes of isometric dimension at most 3 are Θ-graceful, hence G 8 is also the smallest example of a partial cube that is not Θ-graceful.
As G 8 is a median graph the answer to the original question is negative also if reduced to the class of median graphs. It would be interesting to characterize which partial cubes are Θ-graceful.
